A Khovanov type invariant derived from an unoriented HQFT for links in
  thickened surfaces by Tagami, Keiji
ar
X
iv
:1
31
1.
19
09
v1
  [
ma
th.
GT
]  
8 N
ov
 20
13
A KHOVANOV TYPE INVARIANT DERIVED FROM UNORIENTED
HQFT FOR LINKS IN THICKENED SURFACES
KEIJI TAGAMI
Abstract. Two link diagrams on compact surfaces are strongly equivalent if they
are related by Reidemeister moves and orientation preserving homeomorphisms of the
surfaces. They are stably equivalent if they are related by the two previous operations
and adding or removing handles. Turaev and Turner constructed a link homology
for each stable equivalence class by applying an unoriented TQFT to a geometric
chain complex similar to Bar-Natan’s one. In this paper, by using an unoriented
homotopy quantum field theory (HQFT), we construct a link homology for each strong
equivalence class. Moreover, our homology yields an invariant of links (under ambient
isotopy) in the oriented I-bundle of a compact surface.
1. Introduction
An oriented (d + 1)-dimensional topological quantum field theory (TQFT) [3] assigns
a module to each oriented closed d-dimensional manifold and assigns a homomorphism of
modules to each oriented (d + 1)-dimensional cobordism, satisfying certain axioms. If we
do not assume that manifolds and cobordisms are oriented, then we call it an unoriented
TQFT.
Turaev [13] defined the concept of homotopy quantum field theories (HQFTs) with
target X , where X is a connected topological space with a base point. An oriented HQFT
assigns a module and a homomorphism of modules to each “oriented X-manifold” and
“oriented X-cobordism”, respectively. An oriented X-manifold is a pair of an oriented
manifold with some base points and a continuous map from the manifold toX . An oriented
X-cobordism is a pair of an oriented cobordism with pointed boundaries and a continuous
map from the cobordism toX . An unoriented HQFT is defined analogously. For any group
pi, Turaev [13] constructed a bijective correspondence between oriented (1+1)-dimensional
HQFTs with targetX forX = K(pi, 1) and “crossed pi-algebras”, where a crossed pi-algebra
V is a Frobenius pi-algebra endowed with a group homomorphism ϕ : pi → Aut(V ).
The author [10] considered unoriented (1+1)-dimensional HQFTs with target K(pi, 1),
where pi is an F2-vector space. For an F2-vector space pi, he showed that there is a bijective
correspondence between unoriented (1 + 1)-dimensional HQFTs with target K(pi, 1) and
“extended crossed pi-algebras”, where an extended crossed pi-algebra L is a crossed pi-
algebra endowed with a linear map Φ: L→ L and a family of elements {θα ∈ L1π}α∈π.
For each oriented link in S3, Khovanov [6] defined a graded chain complex whose graded
Euler characteristic equals the Jones polynomial of the link. Its homotopy class is a
link invariant and its homology is called the Khovanov homology. Bar-Natan [5] gave
a geometric chain complex for the (original) Khovanov homology and explained it using
an oriented TQFT. By using Bar-Natan’s complex and an unoriented (1+1)-dimensional
TQFT, Turaev and Turner [15] constructed a link homology for each stable equivalence
class (Definition 3.1) of link diagrams on surfaces. Unfortunately, their homology is not an
extension of the Khovanov homology to stable equivalence classes. Manturov [7] gave an
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extension of the Khovanov complex to virtual links, that is stable equivalence classes, and
Tubbenhauer [12] defined a homology for virtual links in the spirit of Bar-Natan’s complex.
Asaeda, Przytycki and Sikora [2] also constructed link homologies for link diagrams on
surfaces. Audoux [4] considered “surfaces with pulleys” and defined a link homology.
In this paper, for an oriented link diagram D on an oriented compact surface F , we
construct a link homology by using an unoriented HQFT with targetX = K(H1(F ;F2), 1).
The main idea is as follows: Firstly, we color each circle of smoothings of D by the
element in H1(F ;F2) represented by the circle. Since a circle labeled by an element
in pi1(X) = H1(F ;F2) is regarded as an X-manifold (Remark 2.8), we can regard each
smoothing as an X-manifold (the manifold mapped to X is the disjoint union of the circles
resulting from the smoothing). Secondly, we use these X-manifolds in order to construct
a geometric chain complex ([[(F,D)]]∗,Σ∗) (defined in Section 3) which is similar to Bar-
Natan’s complex. Finally, we associate an HQFT (A, τ) to the complex and obtain a
complex (C∗(A,τ)(F,D), d
∗
(A,τ)) := (A([[(F,D)]]
∗), τ(Σ∗)) (see Section 4.1).
Our main result is the following theorem which is proved in Section 4.1.
Theorem 1.1. Let (F,D) be an oriented link diagram D on an oriented compact surface
F and let pi = H1(F ;F2). Let (A, τ) be an HQFT with target K(pi, 1) which preserves the
S, T and 4-Tu relations given in Figure 2. We define
H∗(A,τ)(F,D) := H(C
∗
(A,τ)(F,D), d
∗
(A,τ)).
Then H∗(A,τ)(F,D) is an invariant of the oriented link in F×I represented by (F,D) under
ambient isotopy, where I = [0, 1].
Remark 1.2. Examples of such (A, τ) exist, see Sections 4.3 and 6.
Remark 1.3. Two oriented link diagrams on an oriented compact surface F represent the
same link in F × I if and only if they are strongly equivalent (see Definition 3.1). In order
to prove Theorem 1.1, we show that the homology is an invariant of strong equivalence
classes. Moreover, we will give a remark on link diagrams on a non-orientable surface and
introduce that our homology is also an invariant of oriented links in an oriented I-bundle
over a compact surface including non-orientable ones (see Remark 6.1).
Our construction satisfies the following duality relation which is analogous to a property
of the Khovanov homology. We give a proof of Theorem 1.4 in Section 4.2.
Theorem 1.4. Let (F,D) be an oriented link diagram D on an oriented compact surface
F and let (F,D!) be the link diagram obtained from D by changing all crossings of D. For
pi = H1(F ;F2) and for any HQFT (A, τ) with target K(pi, 1) which preserves the S, T and
4-Tu relations given in Figure 2, there is an isomorphism of complexes
Ci(A,τ)(F,D)
∼= {Ci(A,τ)(F,D
!)}∗,
where {Ci(A,τ)(F,D
!)}∗ is the dual complex of Ci(A,τ)(F,D
!) (the dual complex ((C∗)i, (d∗)i)
of a complex (Ci, di) over a ring R is defined by (C∗)i := Hom(C−i;R) and (d∗)i :=
(d−i−1)∗ : (C∗)i → (C∗)i+1).
Let D be a plus-adequate diagram on the plane with n− negative crossings. Then
the −n−-th homological degree term of the Khovanov homology of D is not zero (see
Proposition 36 in [6]). For a special HQFT (A, τ), our homology has a similar property as
follows:
Theorem 1.5. Let (F,D) be an oriented link diagram D on an oriented compact surface
F with n−(D) negative crossings and let (A, τ) be the unoriented HQFT constructed in
Proposition 4.4. Then H
−n−(D)
(A,τ) (F,D) 6= 0 if and only if (F,D) is weak plus-adequate.
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The description of a weak plus-adequate diagram is given in Definition 4.7. If a diagram
is plus-adequate, the diagram is weak plus-adequate. We prove Theorem 1.5 in Section 4.4.
For more on the minimal homological degree of Khovanov homology, see [8], [9] and [11].
This paper is organized as follows: In Section 2, we recall the definitions of HQFTs
and some algebras introduced in [13], as well as those of unoriented HQFTs and extended
crossed group algebras defined in [10]. In Sections 3, we introduce a geometric chain
complex of X-cobordisms. In Section 4, we establish our link homology and prove some of
its properties, including Theorems 1.1, 1.4 and 1.5. In Section 5, we explain a combinatorial
computation of our homology and some examples. In Section 6, we make some remarks
on our homology theory.
Throughout this paper, the symbol R denotes a commutative ring with unit. For a
group pi and two elements a, b ∈ pi, we denote the product by “ab” and the unit by “1”. If
pi is an abelian group, we will use “a+ b” and “0” instead. In our pictures, the source of
a cobordism is the bottom and the target is the top.
2. Unoriented HQFTs and extended crossed group algebras
Here we will explain terminologies used in this paper.
2.1. Unoriented HQFTs. In this subsection, we recall the definition of unoriented ho-
motopy quantum field theories (HQFTs). An oriented HQFT is introduced by Turaev
[13].
Definition 2.1. Let X be a CW-complex. We call X the Eilenberg-Mac Lane space
of type K(pi, 1) corresponding to a group pi (K(pi, 1) space for short) if its homotopy
group pin(X) = pi with n = 1 and pin(X) = 0 with n 6= 1. It is well known that such a
CW-complex is unique up to homotopy equivalence.
Definition 2.2 ([13]). A topological space is pointed if each of its connected components
has a base point. A map between pointed spaces is a continuous map preserving their base
points. Homotopies of such maps are always supposed to be constant on the base points.
Remark 2.3. In the standard definition of a pointed space, it has only one base point.
However, in our description, a pointed space may have some base points. For example, a
pointed space with k components has k base points.
Definition 2.4 ([13]). Let X be a connected topological space with a base point x0 ∈ X .
A pair (M , gM ) is called an unoriented X-manifold if M is a pointed closed unoriented
manifold and gM is a continuous map fromM to X . We call the map gM the characteristic
map. Since the spaces M and X are pointed, the map gM sends the base points of all
components of M to x0. A disjoint union of unoriented X-manifolds and the empty set
are also unoriented X-manifolds. An unoriented X-homeomorphism of unoriented X-
manifolds f : (M, gM )→ (M ′, gM ′) is a homeomorphism from M to M ′ sending the base
points of M to those of M ′ such that gM = gM ′ ◦ f .
Definition 2.5 ([13]). Let X be a connected topological space with a base point x0 ∈ X .
A triple (W,M0,M1) is called an unoriented cobordism when W is a compact manifold
whose boundary is the disjoint union of pointed closed manifolds M0 and M1. An un-
oriented X-cobordism is a tuple (W,M0,M1, g) such that the triple (W,M0,M1) is an
unoriented cobordism and that g : W → X is a continuous map which sends the base
points of M0 and M1 to x0 ∈ X . We call the boundary M0 the bottom base, M1 the
top base and the map g the characteristic map. An unoriented X-homeomorphism of
X-cobordisms f : (W,M0,M1, g)→ (W ′,M ′0,M
′
1, g
′) is a homeomorphism from W to W ′
inducing unoriented X-homeomorphisms M0 →M ′0 and M1 →M
′
1 such that g = g
′ ◦ f .
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Definition 2.6 ([13]). Fix an integer d ≥ 0 and a path connected topological space X
with a base point x0 ∈ X . An unoriented (d + 1)-dimensional homotopy quantum field
theory (HQFT for short ) (A, τ) over R with target X assigns
• a finitely generated projective R-module A(M, g) (A(M) for short) to any unori-
ented d-dimensional X-manifold (M, g),
• an R-isomorphism f♯ : A(M, g)→ A(M ′, g′) to any unoriented X-homeomorphism
of d-dimensional X-manifolds f : (M, g)→ (M ′, g′),
• anR-homomorphism τ(W, g) : A(M0, g|M0)→ A(M1, g|M1) to any (d+1)-dimensional
X-cobordism (W,M0,M1, g).
Moreover these modules and homomorphisms should satisfy the following axioms:
(1) for unoriented X-homeomorphisms of unoriented X-manifolds f : M → M ′ and
f ′ : M ′ →M ′′, we have (f ′ ◦ f)♯ = f ′♯ ◦ f♯,
(2) for unoriented d-dimensional X-manifoldsM and N , there is a natural isomorphism
A(M ⊔N) = A(M)⊗A(N), where M ⊔N is the disjoint union of M and N ,
(3) A(∅) = R,
(4) for any unoriented X-cobordism W , the homomorphism τ(W ) is natural with re-
spect to unoriented X-homeomorphisms, that is, for any unoriented X-homeomorphism
f : (W,M0,M1, g)→ (W ′,M ′0,M
′
1, g
′) of X-cobordisms, the following diagram is commu-
tative:
A(M0)
(f |M0)♯−−−−−→ A(M ′0)yτ(W ) yτ(W ′)
A(M1)
(f |M1)♯−−−−−→ A(M ′1)
(5) if an unoriented (d + 1)-dimensional X-cobordism (W,M0,M1, g) is the disjoint
union of two unoriented (d + 1)-dimensional X-cobordisms W0 and W1, then τ(W ) =
τ(W1)⊗ τ(W0),
(6) if an oriented (d + 1)-dimensional X-cobordism (W,M0,M1, g) is obtained from
two (d + 1)-dimensional X-cobordisms (W0,M0, N) and (W1, N
′,M1) by gluing along
f : N → N ′, then τ(W ) = τ(W1) ◦ f♯ ◦ τ(W0),
(7) for any unoriented d-dimensional X-manifold (M, g) and for any continuous map
F : M × [0, 1] → X such that F |M×0 = F |M×1 = g and that F ({m} × [0, 1]) = {x0} for
any base point m ofM , we have τ(M × [0, 1],M×0,M×1, F ) = idA(M) : A(M)→ A(M),
(8) for any unoriented (d + 1)-dimensional X-cobordism (W, g), the map τ(W ) is pre-
served under any homotopy of g relative to ∂W .
Remark 2.7 ([13]). If f and f ′ : M → X are homotopic, there is a natural isomorphism
τ(M × [0, 1], F ) : A(M, f) ∼= A(M, f ′), where F is the homotopy. Hence we can suppose
that A(M, f) is preserved under any homotopy of f . Similarly τ(W, g) is preserved under
any homotopy of g (may not be relative to ∂W ).
Remark 2.8 ([10]). Suppose that X = K(pi, 1) with an F2-vector space pi. Let S
1 be an
unoriented circle and g : S1 → X a continuous map. Then we can regard the homotopy
class of g as an element α ∈ pi since X = K(pi, 1) and pi is an F2-vector space. In the sense
of Remark 2.7, we denote the unoriented X-manifold (S1, g) by (S1, α).
Analogously, we represent an unoriented (1+ 1)-dimensional X-cobordism as an unori-
ented (1 + 1)-dimensional cobordism with some arcs and loops labeled by elements in pi.
For example, see the X-cobordism depicted in Figure 1. Its top base is an X-manifold
(S1, α+β) and its bottom base is the disjoint union of twoX-manifolds (S1, α) and (S1, β).
Its characteristic map sends each labeled arc or loop to the loop on X corresponding to
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the label. Since X = K(pi, 1), such a characteristic map is uniquely determined up to
homotopy.
Figure 1. Example of X-cobordism.
2.2. Extended crossed group algebras. In this subsection, we recall some algebras
which are introduced in [13] and [10].
Definition 2.9. An R-algebra L is a pi-algebra over R if L is an associative algebra over R
endowed with a splitting L =
⊕
α∈π Lα such that each Lα is a finitely generated projective
R-module, that LαLβ ⊂ Lαβ for any α, β ∈ pi, and that L has the unit element 1L ∈ L1.
Let V and W be R-modules and η : V ⊗ W → R a bilinear form. The map η is
non-degenerate if the two maps d : V → HomR(W,R) defined by d(v)(w) = η(v, w) and
s : W → HomR(V,R) defined by s(w)(v) = η(v, w) are isomorphisms, where v ∈ V and
w ∈ W .
Definition 2.10 ([13]). A pair (L, η) is a Frobenius pi-algebra over R if L is a pi-algebra
over R and η : Lα ⊗ Lβ → R is an R-bilinear form such that
(1) η(Lα ⊗ Lβ) = 0 if αβ 6= 1 and the restriction of η to Lα ⊗ Lα−1 is non-degenerate
for any α ∈ pi,
(2) η(ab, c) = η(a, bc) for any a, b, c ∈ L.
A Frobenius pi-algebra with a trivial group pi is called a Frobenius algebra [1].
For any Frobenius pi-algebra (L, η), we denote the group by Aut(L) which consists of
algebra automorphisms preserving η.
Definition 2.11 ([13]). A triple (L, η, ϕ) is a crossed pi-algebra over R if the pair (L, η)
is a Frobenius pi-algebra over R and ϕ : pi → Aut(L) is a group homomorphism satisfying
the following axioms:
(1) for any β ∈ pi, the map ϕβ := ϕ(β) is an algebra automorphism of L preserving η
and satisfying ϕβ(Lα) ⊂ Lβαβ−1 for any α ∈ pi,
(2) ϕα|Lα = idLα for any α ∈ pi,
(3) for any a ∈ Lα and b ∈ Lβ , we have ϕβ(a)b = ba,
(4) for any α, β ∈ pi and any c ∈ Lαβα−1β−1 , we have Tr(cϕβ : Lα → Lα) = Tr(ϕα−1c : Lβ →
Lβ), where Tr is the R-valued trace of endmorphisms of finitely generated projective R-
modules (see for instance [14]).
Turaev [13] showed that there exists a bijective correspondence between oriented HQFTs
with target K(pi, 1) space and crossed pi-algebras.
Theorem 2.12 (Theorem 4.1 in [13]). Let pi be a group and X the K(pi, 1) space. Then
every oriented (1 + 1)-dimensional HQFT with target X over R determines an underlying
crossed pi-algebra over R. This induces a bijection between the set of isomorphism classes
of oriented (1 + 1)-dimensional HQFTs and the set of isomorphism classes of crossed
pi-algebras.
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Now we define extended crossed group-algebras.
Definition 2.13. Let pi be a group such that α2 = 1 for any α ∈ pi (such a group is an
F2-vector space). A tuple (L, η, ϕ, {θα}α∈π,Φ) is an extended crossed pi-algebra over R if
the triple (L, η, ϕ) is a crossed pi-algebra over R, and a family of elements {θα ∈ L1}α∈π
and an R-linear map of R-modules Φ: L→ L satisfy the following axioms:
(1) Φ2 = id,
(2) Φ(Lα) ⊂ Lα for any α ∈ pi,
(3) for any v, w ∈ L, we have Φ(vw) = Φ(w)Φ(v),
(4) Φ(1L) = 1L,
(5) η ◦ (Φ⊗ Φ) = η,
(6) for any α ∈ pi, we have Φ ◦ ϕα = ϕα ◦ Φ,
(7) for any α, β, γ ∈ pi and v ∈ Lαβ, we have
m ◦ (Φ⊗ ϕγ) ◦∆α,β(v) = ϕγ(θαγθγv),
m ◦ (ϕγ ⊗ Φ) ◦∆α,β(v) = ϕγ(θβγθγv),
where ∆α,β : Lαβ → Lα ⊗ Lβ is defined by the following relation:
(id⊗η) ◦ (∆α,β ⊗ id) = m(2.1)
(since η is non-degenerate and each Lα is finitely generated, such a map ∆α,β is uniquely
determined).
(8) for any α, β ∈ pi and v ∈ Lα, we have Φ(θβvα) = ϕβα(θβαvα),
(9) for any α ∈ pi, we have Φ(θα) = θα,
(10) for any α, β ∈ pi, we have ϕβ(θα) = θα,
(11) for any α, β, γ ∈ pi, we have θαθβθγ = q(1)θαβγ , where q : R → L1 is defined as
follows: Let {ai ∈ Lαβ}ni=1 and {bi ∈ Lαβ}
n
i=1 be families of elements of Lαβ satisfying∑
i
η(bi ⊗ v)ai = ϕβγ(v)(2.2)
for any v ∈ Lαβ (from the same reason as (7), such ai and bi are unique). Then, we put
q(1) :=
∑
i aibi.
The author [10] proved the following result.
Theorem 2.14 (Theorem 3.11 in [10]). Let pi be an F2-vector space and X the K(pi, 1)
space. Then every unoriented (1+1)-dimensional HQFT with target X over R determines
an underlying extended crossed pi-algebra over R. This induces a bijection between the set
of isomorphism classes of unoriented (1 + 1)-dimensional HQFTs over R and the set of
isomorphism classes of extended crossed pi-algebras over R.
3. Complexes of X-cobordisms for link diagrams on surfaces
In this section, we construct a geometric chain complex of X-cobordisms for link dia-
grams on oriented surfaces (Proposition 3.6). To define the complex, we use notations in
[15] as a reference.
Definition 3.1. Let (F,D) and (F ′, D′) be link diagrams D and D′ on oriented surfaces
F and F ′, respectively. Then (F,D) and (F ′, D′) are strongly equivalent if they are related
by the following two operations:
• finite sequence of Reidemeister moves on the surfaces,
• orientation preserving homeomorphisms of the surfaces.
Suppose that F and F ′ are closed. Then, (F,D) and (F ′, D′) are stably equivalent if they
are related by the above two operations and the following:
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• adding or removing handles which do not affect the link diagram.
For a link diagram on a surface, we will define a complex by using the construction of
Bar-Natan’s complex given in [5].
Definition 3.2. Let F be an oriented compact surface and X the Eilenberg-MacLane
space of typeK(H1(F ;F2), 1). Define UXCob(F ) to be the following category. The objects
of UXCob(F ) are collections of disjoint (unoriented) closed 1-dimensional X-manifolds (Γ,
α) in F . A morphism (Γ, α)→ (Γ′, α′) is an (unoriented) (1+1)-dimensional X-cobordism
Σ embedded in F × [0, 1] which satisfies ∂Σ = Σ∩ (F ×{0, 1}), Σ∩ (F ×{0}) = (Γ, α) and
Σ ∩ (F × {1}) = (Γ′, α′). Two morphisms are identified if they are related by an isotopy
which preserves boundaries and characteristic maps.
Definition 3.3. Define UXCob(F )/r to be the category obtained from UXCob(F ) by
dividing the set of the morphisms by the equivalent relation generated by the S, T and
4-Tu relations (see Figure 2).
= =
+ = +
Figure 2. Bar-Natan’s relation. In these cobordisms, their characteristic
maps send to the labeled arcs to the loops in X corresponding to the
labels. Such maps are uniquely determined up to homotopy since X is
the K(H1(F ;F2), 1) space.
Definition 3.4. Let C be an additive category. Then we define a category Mat(C) as
follows: The objects of Mat(C) are finite families {Ci ∈ C}. For convenience, we denote
{Ci ∈ C} by
⊕
i Ci. A morphism Σ:
⊕
i Ci →
⊕
i C
′
j is a matrix Σ = (Σ
j
i )i,j of morphisms
Σji : Ci → C
′
j . If C is not additive category, then made it so by allowing formal Z-linear
combinations of morphisms and define Mat(C) as above.
For an oriented link diagram D on an oriented compact surface F , we will define a
complex ([[(F,D)]]∗,Σ∗) as follows: Let (F,D) be an oriented link diagram D on an
oriented compact surface F . Fix an order of the crossings of D. For each crossings
of D, we define 0-smoothing and 1-smoothing as in Figure 3. A smoothing of D is a
diagram where each crossing is changed by either 0-smoothing or 1-smoothing. Let n be
the number of the crossings of D. Then D has 2n smoothings. By using given ordering
of D, we obtain a natural bijection between the set of the smoothings of D and the set
{0, 1}n, that is, to any ε = (ε1, . . . , εn) ∈ {0, 1}
n, we associate the smoothing Dε where
the i-th crossing is εi-smoothed. Each smoothing Dε is a collection of disjoint circles. We
can regard a smoothing Dε as an unoriented closed 1-dimensional X-manifold by assigning
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the homology class α = [Γ] ∈ H1(F ;F2) = pi1(X) to each circle Γ of Dε (see Remark 2.8).
Then define
[[(F,D)]]i :=
⊕
|ε|=i+n−
Dε ∈ Ob(Mat(UXCob(F )/r)),
where |ε| =
∑n
i=1 εi and n− is the number of the negative crossings of D.
0-smoothing 1-smoothing
Figure 3. 0-smoothing and 1-smoothing.
The morphism Σi : [[(F,D)]]i → [[(F,D)]]i+1 is defined as follows: Take elements ε, ε′ ∈
{0, 1}n such that εj = 0 and ε′j = 1 for some j and that εi = ε
′
i for all i 6= j. For such
a pair (ε, ε′), the smoothing Dε can be identical to Dε′ out side a disc. We call this disc
the changing disc (see p. 1085 in [15]). Let B be the changing disc. Define a cobordism
Σε→ε′ ⊂ F × [0, 1] to be the X-surface obtained from Dε × [0, 1] by replacing B × [0, 1]
with the saddle depicted in Figure 4 in such a way that the bottom base of Σε→ε′ is Dε
and the top is Dε′ .
If there exist distinct integers i and j such that εi 6= ε′i and εj 6= ε
′
j , then define
Σε→ε′ = 0.
In this setting, we define a map Σi : [[(F,D)]]i → [[(F,D)]]i+1 by the matrix ((−1)l(ε,ε
′)Σε→ε′)ε,ε′ .
Here |ε| = i, |ε′| = i+1 and l(ε, ε′) is the number of 1’s in front of (in our order) the factor
of ε which is different from ε′.
Figure 4. Saddle.
Lemma 3.5. For any oriented link diagram D on an oriented compact surface F , the pair
([[(F,D)]]∗,Σ∗) is a chain complex and its homotopy class does not depend on the choice
of an order of the crossings of D.
Proof. This follows from the same discussion in Proposition 3.1 in [15]. 
From the following proposition, the complex ([[(F,D)]]∗,Σ∗) is an invariant of strong
equivalence.
Proposition 3.6. Let D be an oriented link diagram on an oriented compact surface F .
The homotopy class of the complex ([[(F,D)]]∗,Σ∗) in Mat(UXCob(F )/r) is an invariant
under Reidemeister moves.
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Proof. In Proposition 3.3 in [15], Turner and Turaev gave an analogous statement for link
diagrams on surfaces by using Bar-Natan’s method. We can apply the same proof to our
setting. 
4. link homologies over F2
In this section, we construct our link homology and show that it has some properties
similar to the Khovanov homology.
In Section 4.1, we apply an HQFT which preserves the S, T and 4-Tu relations to the
geometric chain complex given in Section 3 in order to construct our link homology, and
we prove Theorem 1.1. In Section 4.2, we give a duality relation of our link homology
(Theorem 1.4). In Sections 4.3 and 4.4, we construct an HQFT over F2 with target
K(pi, 1) for an F2-vector space pi and give a non-vanishing condition of the link homology
(Theorem 1.5).
4.1. Applying an unoriented HQFT to geometric chain complexes. In this sub-
section, we construct our link homology.
Let F be an oriented compact surface. Define pi := H1(F ;F2). Let (A, τ) be an HQFT
with target K(pi, 1) which preserves the S, T and 4-Tu relations given in Figure 2. We can
regard (A, τ) as a functor
UXCob(F )→ ProjR
by (Γ, α) 7→ A(Γ, α) andW 7→ τ(W ), where ProjR is the category of projectiveR-modules.
By taking formal direct sums in Mat(UXCob(F )) to direct sums in ProjR, the HQFT
(A, τ) extends to a functor
Mat(UXCob(F ))→ ProjR.
Moreover, the HQFT (A, τ) defines a functor
Mat(UXCob(F )/r)→ ProjR.
For an oriented link diagram (F,D), we define
Ci(A,τ)(F,D) := A([[(F,D)]]
i)
di(A,τ)(F,D) = d
i
(A,τ) := τ(Σ
i) : Ci(A,τ)(F,D)→ C
i+1
(A,τ)(F,D).
From Lemma 3.5, (Ci(A,τ)(F,D), d
i
(A,τ)) is a chain complex. Denote its homology by
H∗(A,τ)(F,D). By the following lemma, the homology H
∗
(A,τ)(F,D) gives an invariant
of strong equivalence.
Lemma 4.1. The homotopy class of the complex (Ci(A,τ)(F,D), d
i
(A,τ)) is an invariant
of strong equivalence classes. In particular, its homology H∗(A,τ)(F,D) is an invariant of
strong equivalence classes.
Proof. It follows from Proposition 3.6 that the homotopy class of the complex (Ci(A,τ)(F,D), d
i
(A,τ))
is preserved under Reidemeister moves.
Let f : (F,D) → (F ′, D′) be an orientation preserving homeomorphism. This induces
X-homeomorphisms on the smoothings. Applying the HQFT, we obtain the isomorphism
f♯ : C
∗
(A,τ)(F,D) → C
∗
(A,τ)(F
′, D′). In order to check that f♯ is a chain map, consider
the homeomorphism f˜ : F × I → F ′ × I given by (s, t) 7→ (f(s), t). The map f˜ induces
X-homeomorphisms Σε→ε′ → Σ′ε→ε′ on the X-cobordisms defining the differential maps
of the complexes. By axiom (4) in Definition 2.6, we have f♯ ◦ τ(Σε→ε′ ) = τ(Σ′ε→ε′ ) ◦ f♯.
This means f♯ is a chain map. Hence f♯ : (C
i
(A,τ)(F,D), d
i
(A,τ)) → (C
i
(A,τ)(F
′, D′), di(A,τ))
is an isomorphism of the complexes. 
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Proof of Theorem 1.1. Theorem 1.1 immediately follows from Lemma 4.1 and Remark 1.3.

4.2. A duality of our link homology. In this subsection, we prove that our homology
has a duality relating the homology groups of a link diagram to those of its mirror image
(Theorem 1.4).
Let pi be an F2-vector space with finite dimension and (L, η, ϕ, {θα}α∈π,Φ) an extended
crossed pi-algebra. Define L˜ := Hom(L;F2). We give L˜ an extended crossed pi-algebra
structure as follows:
• the unit 1˜ is η(1 ⊗ ·) ∈ L˜,
• the multiplication m˜ : L˜ ⊗ L˜ → L˜ is given by m˜(u∗ ⊗ v∗)(s) := (v∗ ⊗ u∗)(∆(s)),
where u∗, v∗ ∈ L˜, s ∈ L and ∆ is the comultiplication of L,
• the inner product η˜ : L˜ ⊗ L˜→ F2 is given by η˜(u∗, v∗) := (u∗ ⊗ v∗)(∆(1)), where
u∗, v∗ ∈ L˜ and 1 ∈ L0 is the unit of L,
• the element θ˜α is η(θα ⊗ ·) ∈ L˜,
• the map ϕ˜ := ϕ∗ for any α ∈ pi, where ϕ∗ is the dual of ϕ,
• the map Φ˜ := Φ∗, where Φ∗ is the dual of Φ.
Indeed, the algebra L˜ is extended crossed pi-algebra. For example, the map m˜ is associative
(see Figure 5), the element 1˜ is the unit (see Figure 6) and so on.
Lemma 4.2. The map Ψ: L→ L˜ given by Ψ(v) := η(v⊗·) is an isomorphism of extended
crossed pi-algebras.
Proof. The map Ψ is bijective since η is non-degenerate (see Definition 2.10). From the
definition of L˜, we have Ψ(1) = 1˜ and Ψ(θα) = θ˜α. Moreover, from Definitions 2.11 (1)
and 2.13 (5), we obtain Ψ ◦Φ = Φ˜ ◦Ψ and Ψ ◦ϕα = ϕ˜α ◦Ψ. Furthermore, from Figures 7
and 8, the map Ψ satisfies the following:
(1) m˜(Ψ(u)⊗Ψ(v)) = m˜(η(u⊗·)⊗η(v⊗·)) = (η(v⊗·)⊗η(u⊗·))◦∆ = η(uv⊗·) = Ψ(uv)
for any u, v ∈ L,
(2) η˜(Ψ(u)⊗Ψ(v)) = η˜(η(u ⊗ ·)⊗ η(v ⊗ ·)) = η(u⊗ v) for any u, v ∈ L.
These mean Ψ is an isomorphism of extended crossed pi-algebras. 
=
Figure 5. The map m˜ is associative, that is, m˜(w∗ ⊗ m˜(v∗ ⊗ u∗)) =
m˜(m˜(w∗ ⊗ v∗)⊗ u∗) for any u∗, v∗, w∗ ∈ L˜.
The isomorphism given in Lemma 4.2 induces an isomorphism between Ci(A,τ)(F,D)
and the dual complex of Ci(A,τ)(F,D
!).
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= =
Figure 6. The element 1˜ is the unit, that is, m˜(1˜⊗u∗) = u∗ = m˜(u∗⊗ 1˜)
for any u∗ ∈ L˜.
=
Figure 7. The equation (1) in the proof of Lemma 4.2.
=
Figure 8. The equation (2) in the proof of Lemma 4.2.
Proof of Theorem 1.4. From the definition, we have
Ci(A,τ)(F,D) =
⊕
|ε|=i+n−(D)
A(Dε).
For ε ∈ {0, 1}n, we define ε˜ ∈ {0, 1}n by
ε˜i =
{
0 if εi = 1,
1 if εi = 0,
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where n is the number of crossings of D. Then we obtain A(D!ε) = A(Dε˜). From
Lemma 4.2, the following diagram is commutative.
A(Dε)
di(A,τ)(F,D)
−−−−−−−−→ A(Dε′)∥∥∥ ∥∥∥
A(D!ε˜) A(D
!
ε˜′
)
∼=
yv 7→η(v⊗·) ∼=yv 7→η(v⊗·)
A(D!ε˜)
∗
(di(A,τ)(F,D
!))∗
−−−−−−−−−−→ A(D!
ε˜′
)∗
This diagram induces an isomorphisms
Ci(A,τ)(F,D)
∼= {Ci(A,τ)(F,D
!)}∗.

Corollary 4.3. Let (F,D) be an oriented link diagram on an oriented compact surface
F and (F,D!) the link diagram obtained from D by changing all crossings of D. For
pi = H1(F ;F2) and for any HQFT (A, τ) with target K(pi, 1) which preserves the S, T and
4-Tu relations given in Figure 2, we obtain
Hi(A,τ)(F,D)
∼= H−i(A,τ)(F,D
!).
4.3. Examples of unoriented HQFTs over F2. In this subsection, we construct an
example of unoriented HQFTs over F2.
Let pi be an F2-vector space. Define L0 to be the F2-vector space with basis 1 and x,
and Lα to be the F2-vector space with basis yα and zα for 0 6= α ∈ pi. Set L =
⊕
α∈π Lα.
We give L an extended crossed pi-algebra structure as follows:
• ϕα := id: L→ L for any α ∈ pi,
• Φ := id: L→ L,
• θα := 0 for any α ∈ pi,
• for distinct elements α, β ∈ pi \ {0}, the multiplication m : L ⊗ L → L is given as
follows:
m(v ⊗ 1) = m(1 ⊗ v) =v,
m(x⊗ x) =0,
m(yα ⊗ x) = m(x⊗ yα) =0,
m(zα ⊗ x) = m(x⊗ zα) =0,
m(yα ⊗ zα) = m(zα ⊗ yα) =x,
m(yα ⊗ yα) = m(zα ⊗ zα) =0,
m(yα ⊗ zβ) = m(zα ⊗ yβ) =yα+β + zα+β,
m(yα ⊗ yβ) =yα+β + zα+β,
m(zα ⊗ zβ) =yα+β + zα+β,
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• the inner product η : Lα ⊗ Lα → F2 is given as follows:
η(1⊗ 1) =0,
η(x⊗ 1) = η(1⊗ x) =1,
η(x⊗ x) =0,
η(yα ⊗ yα) = η(zα ⊗ zα) =0,
η(yα ⊗ zα) = η(zα ⊗ yα) =1.
From Theorem 2.14 and the following proposition, we obtain an unoriented HQFT with
target K(pi, 1).
Proposition 4.4. Let pi be an F2-vector space. Then the algebra (L =
⊕
α∈π Lα, η, ϕ,Φ, {θα}α∈π)
constructed as above is an extended crossed pi-algebra over F2. From Theorem 2.14, we
also obtain the unoriented HQFT (A, τ) with target K(pi, 1) corresponding to this extended
crossed pi-algebra.
Proof. We can directly check that this algebra satisfies the axioms of extended crossed
pi-algebras. 
Remark 4.5. The comultiplication ∆: L → L ⊗ L and the counit ε : L0 → F2 of L are
given as follows:
• ∆0,0 : L0 → L0 ⊗ L0 is
∆0,0(1) =1⊗ x+ x⊗ 1,
∆0,0(x) =x⊗ x,
• ∆α,α : L0 → Lα ⊗ Lα is
∆α,α(1) =yα ⊗ zα + zα ⊗ yα,
∆α,α(x) =0,
• ∆0,α : Lα → L0 ⊗ Lα is
∆0,α(yα) =x⊗ yα,
∆0,α(zα) =x⊗ zα,
• ∆α,0 : Lα → Lα ⊗ L0 is P ◦∆0,α, where P is the permutation,
• ∆α,β : Lα+β → Lα ⊗ Lβ is
∆α,β(yα+β) =yα ⊗ yβ + yα ⊗ zβ + zα ⊗ yβ + zα ⊗ zβ,
∆α,β(zα+β) =yα ⊗ yβ + yα ⊗ zβ + zα ⊗ yβ + zα ⊗ zβ,
• ε : L0 → F2 is
ε(1) =0,
ε(x) =1.
Proposition 4.6. Let pi be an F2-vector space and (A, τ) the HQFT established in Propo-
sition 4.4. Suppose that X-cobordisms W1, W2, W3 and W4 are related as in the 4-Tu
relation depicted in Figure 2. Then we have τ(W1) + τ(W2) = τ(W3) + τ(W4).
Proof. We only need to check the case depicted in Figure 9. In this case, we can compute
τ(W1) + τ(W2) = 1⊗ 1⊗ (1⊗ x+ x⊗ 1) + (1 ⊗ x+ x⊗ 1)⊗ 1⊗ 1,
τ(W3) + τ(W4) = 1⊗ 1⊗ x⊗ 1 + x⊗ 1⊗ 1⊗ 1 + 1⊗ 1⊗ 1⊗ x+ 1⊗ x⊗ 1⊗ 1.
Hence we have τ(W1) + τ(W2) = τ(W3) + τ(W4). 
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+
= +
Figure 9. 4-Tube relation.
4.4. A non-vanishing condition. Let (F,D) be an oriented link diagram D on an ori-
ented compact surface F with n−(D) negative crossings and let (A, τ) be the HQFT con-
structed in Proposition 4.4. In this subsection, we find a condition whereH
−n−(D)
(A,τ) (F,D) 6=
0 (Theorem 1.5). Consider the complex:
0 −−−−→ C
−n−(D)
(A,τ) (F,D)
d
−n
−
(D)
(A,τ)
−−−−−−→ C
−n−(D)+1
(A,τ) (F,D) −−−−→ · · · .
By the definition, we have H
−n−(D)
(A,τ) (F,D) = ker d
−n−(D)
(A,τ) . Suppose that ker d
−n−(D)
(A,τ) 6= 0.
Since ∆0,0, ∆0,α and ∆α,0 (α 6= 0) are injective, the cobordisms defining “d
−n−(D)
(A,τ) ” have no
cbordism depicted in Figure 10. Hence the following condition (Definition 4.7) is necessary
:
:
Figure 10. The labels are the elements in H1(F ;F2) represented by the
corresponding circles.
condition to be ker d
−n−(D)
(A,τ) 6= 0.
Definition 4.7. Let D be an oriented link diagram on an oriented compact surface F with
n crossings and let D0 be the smoothing where all crossings of D are 0-smoothed. Then
D is weak plus-adequate if for all ε ∈ {0, 1}n with |ε| = 1, the smoothing Dε is obtained
from D0 by one of the following:
• two circles of D0 merge into one circle of Dε,
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• a circle of D0 which is 0-homologue splits into two circles of Dε which are not
0-homologue (see Figure 11),
• a circle of D0 which is not 0-homologue splits into two circles of Dε which are not
0-homologue (see Figure 12),
• a circle of D0 changes into a circle of Dε (that is, the number of circles of Dε
equals that of D0).
Figure 11. A circle which is 0-homologue splits into two circles which
are not 0-homologue.
Figure 12. A circle which is not 0-homologue splits into two circles which
are not 0-homologue.
Remark 4.8. A diagram is plus-adequate if, for all ε ∈ {0, 1}n with |ε| = 1, the smoothing
Dε is obtained from D0 by merging two circles into one circle. Hence a plus-adequate
diagram is weak plus-adequate.
Theorem 1.5 ensures that the weak plus-adequacy is a sufficient and necessary condition
to be ker d
−n−(D)
(A,τ) 6= 0.
Proof of Theorem 1.5. If (F,D) is not weak plus-adequate, from above discussion, d
−n−(D)
(A,τ)
is injective and H
−n−(D)
(A,τ) (F,D) = 0.
If (F,D) is weak plus-adequate, take an element k in A(D0) as follows: Associate x
to each circle of D0 which is 0-homologue and associate yα + zα to each of the other
circles of D0, where α is the corresponding element in H1(F ;F2) to the circle. Then k is
defined by the tensor product for these elements (see, for example, Figure 13). By below
computation, k is a non-zero element in ker d
−n−(D)
(A,τ) . Hence we have H
−n−(D)
(A,τ) (F,D) 6= 0.
x · x = 0,
x · (yα + zα) = 0,
(yα + zα) · (yα + zα) = 2x = 0,
(yα + zα) · (yβ + zβ) = 4(yα+β + zα+β) = 0,
∆α,α(x) = 0,
∆α,β(yα+β + zα+β) = 2(yα ⊗ yβ + yα ⊗ zβ + zα ⊗ yβ + zα ⊗ zβ) = 0,
θ0 · x = θα · (yα + zα) = 0.
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
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Figure 13. An example of “k”. Let D be the diagram on the oriented
closed surface with genus 2 depicted as above. Then D0 has two circles
which are 0-homologue and two circles which are not 0-homologue. Sup-
pose that the homology classes of the circles are α and α+β, respectively.
Then, the element k = x ⊗ x ⊗ (yα+β + zα+β) ⊗ (yα + zα) is a non-zero
element in ker d
−c(D)
(A,τ) .
Corollary 4.9. Let (F,D) be an oriented link diagram D on an oriented compact surface
F and let (A, τ) be the unoriented HQFT constructed in Proposition 4.4. Let c−(F,D) be
the minimum over all the numbers of negative crossings of oriented link diagrams which
are strongly equivalent to (F,D). Then we obtain c−(F,D) ≥ −imin(F,D) := −min{i ∈
Z | Hi(A,τ)(F,D) 6= 0}. The equality holds if and only if (F,D) is weak plus-adequate.
Proof. It follows from the definition of Hi(A,τ)(F,D) and Theorem 1.5. 
Remark 4.10. Analogously, we define a weak minus-adequate diagram. Let D be an
oriented link diagram on an oriented compact surface F with n crossings and let D1 be
the smoothing where all crossings of D are 1-smoothed. Then D is weak minus-adequate
if for all ε ∈ {0, 1}n with |ε| = n− 1, the smoothing D1 is obtained from Dε by one of the
following:
• a circles of Dε split into two circle of D1,
• two circles of Dε which are not 0-homologue merge into a circle of D1 which is
0-homologue,
• two circles of Dε which are not 0-homologue merge into a circle of D1 which is not
0-homologue,
• a circle of Dε changes into a circle of D1.
Under the setting in Corollary 4.9, we also have c+(F,D) ≥ imax(F,D) := max{i ∈ Z |
Hi(A,τ)(F,D) 6= 0}. From the duality relation (Theorem 1.4) and Corollary 4.9, we obtain
the equality if and only if (F,D) is weak minus-adequate.
Corollary 4.11. Let (F,D) be an oriented link diagram D on an oriented compact surface
F . Denote by c(F,D) the minimal number of crossings of oriented link diagrams which are
strongly equivalent to (F,D). If (F,D) is weak plus-adequate and weak minus-adequate,
then the diagram D is minimal, that is, it has c(F,D) crossings.
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5. Examples of computations
5.1. How to compute the homology. In this subsection, we explain how to compute
our homology defined in Section 4.1.
Let (F,D) be an oriented link diagram. Set pi = H1(F ;F2). Let (L =
⊕
α∈π Lα, η, ϕ, {θα}α∈π,Φ)
be the extended crossed pi-algebra corresponding to an unoriented HQFT (A, τ) over F2
(see Definition 2.13 and Theorem 2.14).
Fistly, fix an order of the crossings of D. Let n be the number of the crossings of D.
Then for any ε ∈ {0, 1}n, we obtain the smoothing Dε, that is, the i-th crossing of D is
εi-smoothed (see Figure 3 and Section 3). Note that Dε is a collection of disjoint circles
on F .
Secondly, we assign Lα to each circle in Dε whose homology class is α ∈ pi. The module
A(Dε) is given as the tensor product among the modules assigned to the circles in Dε.
Namely,
A(Dε) =
⊗
α∈π
L
⊗kαε
α ,
where kαε is the number of the circles in Dε whose homology class is α ∈ pi = H1(F ;F2).
Then Ci(A,τ)(F,D) is given by
Ci(A,τ)(F,D) =
⊕
|ε|=i+n−(D)
A(Dε),
where n−(D) is the number of the negative crossings of D.
Thirdly, we recall the definition of the differential map di(A,τ) : C
i
(A,τ)(F,D)→ C
i+1
(A,τ)(F,D).
Take elements ε, ε′ ∈ {0, 1}n such that εj = 0 and ε′j = 1 for some j and that εi = ε
′
i for
any i 6= j. For such a pair (ε, ε′) we will define a map dε→ε′ : A(Dε)→ A(Dε′ ).
In the case where two circles of Dε merge into one circle of Dε′ , the map dε→ε′ is the
identity on all factors except the tensor factors corresponding to the merged circles where
it is the multiplication m : Lα ⊗ Lβ → Lα+β, where α, β ∈ pi are the homology classes of
the merged circles of Dε.
In the case where one circle of Dε split into two circles of Dε′ , the map dε→ε′ is the
identity on all factors except the tensor factor corresponding to the split circle where it is
the comultiplication ∆α,β : Lα+β → Lα ⊗ Lβ, where α, β ∈ pi are the homology classes of
the split circles of Dε′ (the definition of ∆α,β is given in Definition 2.13).
In the case where one circle of Dε changes into another circle of Dε′ , the map dε→ε′
multiplies the tensor factor corresponding to the circle of Dε by θ0.
If there exist distinct integers i and j such that εi 6= ε′i and that εi 6= ε
′
i, define
dε→ε′ = 0.
Then, the differential map di(A,τ) are given as
di(A,τ) =
∑
|ε′|=i+1
dε→ε′ .
Finally, our homology is given by
H∗(A,τ)(F,D) = H(C
∗
(A,τ)(F,D), d
i).
In next subsection, we give some computational examples.
5.2. Some computations. In this subsection, we compute our homologies of some link
diagrams. Let (A, τ) be the HQFT constructed in Proposition 4.4.
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Example 5.1. Let (F,D) be the oriented link diagram depicted in Figure 14. Then we
have
Hi(A,τ)(F,D) =
{
(F2)
2 if i = 0,
0 otherwise.
Figure 14. Example 5.1.
Example 5.2. Let (F,D) be the oriented link diagram depicted in Figure 15. The complex
(C∗(A,τ)(F,D), d
∗
(A,τ)) is as follows:
C0(A,τ)(F,D) = Lα ⊗ Lα,
C1(A,τ)(F,D) = L0,
d0(A,τ) = mα,α : Lα ⊗ Lα → L0,
where α is the homology class of the longitude of F . We can compute
ker d0(A,τ) = SpanF2{yα ⊗ yα, zα ⊗ zα, yα ⊗ zα + zα ⊗ yα},
Im d0(A,τ) = SpanF2{x}.
Hence we have
Hi(A,τ)(F,D) =


(F2)
3 if i = 0,
F2 if i = 1,
0 otherwise.
=
Figure 15. Example 5.2.
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Example 5.3. Let (F,D) be the oriented link diagram depicted in Figure 16. The complex
(C∗(A,τ)(F,D), d
∗
(A,τ)) is as follows:
C0(A,τ)(F,D) = Lα ⊗ Lβ ,
C1(A,τ)(F,D) = Lα+β ⊕ Lα+β,
C2(A,τ)(F,D) = Lα+β ⊗ L0,
d0(A,τ) = (mα,β ,mα,β) : Lα ⊗ Lβ → Lα+β ⊕ Lα+β ,
d1(A,τ) = ∆α,β +∆α,β : Lα+β ⊕ Lα+β → Lα+β ⊗ L0,
where α and β are the homology classes of the corresponding circles. We can compute
kerd0(A,τ) = SpanF2{yα ⊗ yβ + yα ⊗ zβ , yα ⊗ yβ + zα ⊗ yβ , yα ⊗ yβ + zα ⊗ zβ},
Im d0(A,τ) = SpanF2{(yα+β + zα+β, yα+β + zα+β)},
kerd1(A,τ) = SpanF2{(yα+β, yα+β), (zα+β , zα+β)},
Im d1(A,τ) = SpanF2{yα+β ⊗ x, zα+β ⊗ x}.
Hence we have
Hi(A,τ)(F,D) =


(F2)
3 if i = 0,
F2 if i = 1,
(F2)
2 if i = 2,
0 otherwise.
=
Figure 16. Example 5.3.
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Example 5.4. Let (F,D) be the oriented link diagram depicted in Figure 17. The complex
(C∗(A,τ)(F,D), d
∗
(A,τ)) is as follows:
C0(A,τ)(F,D) = Lα,
C1(A,τ)(F,D) = Lα ⊕ Lα,
C2(A,τ)(F,D) = Lα ⊗ L0,
d0(A,τ) = (θα, θα) = 0: Lα → Lα ⊕ Lα,
d1(A,τ) = ∆α,0 +∆α,0 : Lα ⊕ Lα → Lα ⊗ L0,
where α is the homology class of the corresponding circle. We can compute
ker d0(A,τ) = C
0
(A,τ)(F,D) = Lα,
Im d0(A,τ) = 0,
ker d1(A,τ) = SpanF2{(yα, yα), (zα, zα)},
Im d1(A,τ) = SpanF2{yα ⊗ x, zα ⊗ x}.
Hence we have
Hi(A,τ)(F,D) =


F2 if i = 0,
(F2)
2 if i = 1,
(F2)
2 if i = 2,
0 otherwise.
=
Figure 17. Example 5.4.
6. Remarks
In this section, we make some remarks on our link homology theory. In the first remark,
we make a remark on link diagrams on a non-orientable surface. In the second remark, we
consider a group G instead of pi = H1(F ;F2). In the third, we give a new HQFT and show
that the corresponding our link homology has “q-grading”. Finally, we construct a link
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homology which is an extension of Lee homology with coefficient F2 to strong equivalence
classes.
Remark 6.1. Let M be an oriented I-bundle over a compact surface F (including non-
orientable ones). Hence, M is either F × I for an orientable F , or the twisted bundle of an
non-orientable F . An oriented link in M can be represented by a diagram on the surface.
Two diagrams (F,D) and (F,D′) represent the same link in M if they are related by the
following two operations:
• finite sequence of Reidemeister moves on the surfaces,
• homeomorphisms of the surfaces which are given by restricting orientation pre-
serving bundle maps of M to the base space F .
In the case where F is oriented, two link diagrams (F,D) and (F,D′) represent the same
link in M if and only if (F,D) is strongly equivalent to (F,D′). From the same discussion
in Sections 3 and 4, the group Hi(A,τ)(F,D) is an invariant of oriented links in M (F
may be non-orientable) under ambient isotopy (compare this homology with [2]). It also
satisfies Theorems 1.4 and 1.5.
Remark 6.2. Let G be a group and (F,D) a link diagram on an oriented compact
surface. Let q : H1(F ;F2) → G be a group homomorphism. Then, we can regard each
smoothing Dε of D as an unoriented closed 1-dimensional K(G, 1)-manifold by assigning
the element q(α) ∈ G to each circle Γ of Dε, where α = [Γ] ∈ H1(F,F2) is the homology
class represented by Γ. Moreover, we obtain the corresponding geometric chain complex
(([[(F,D)]](G,q))
i,Σi) (compare Section 3). Obviously, (([[(F,D)]]({0},0))
i,Σi) is Turaev
and Turner’s complex [15, Proposition 3.1] and (([[(F,D)]](H1(F,F2),id))
i,Σi) is ours in
Proposition 3.6.
Remark 6.3. Let (L′ =
⊕
α∈π L
′
α, η
′, ϕ′,Φ′, {θ′α}α∈π) be as below. Then L
′ is an ex-
tended crossed pi-algebra and the corresponding HQFT (A′, τ ′) preserves the S, T and
4-Tu relations. From Theorem 1.1, we obtain a link homology H∗(A′,τ ′).
• pi is an F2-vector space,
• L′0 is the F2-vector space generated by 1 and x, and L
′
α is the F2-vector space
generated by yα and zα for 0 6= α ∈ pi,
• ϕ′α := id: L
′ → L′ for any α ∈ pi,
• Φ := id: L′ → L′,
• θ′α := 0 for any α ∈ pi,
• for distinct elements α, β ∈ pi \ {0}, the multiplication m′ : L′ ⊗ L′ → L′ is given
as follows:
m′(v ⊗ 1) = m′(1⊗ v) =v,
m′(x⊗ x) =0,
m′(yα ⊗ x) = m
′(x⊗ yα) = m
′(zα ⊗ x) = m
′(x ⊗ zα) =0,
m′(yα ⊗ zα) = m
′(zα ⊗ yα) =x,
m′(yα ⊗ yα) = m
′(zα ⊗ zα) =0,
m′(yα ⊗ zβ) = m
′(zα ⊗ yβ) =0,
m′(yα ⊗ yβ) = m
′(zα ⊗ zβ) =0,
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• the inner product η′ : L′α ⊗ L
′
α → F2 is given as follows:
η′(1⊗ 1) = η′(x ⊗ x) =0,
η′(x⊗ 1) = η′′(1 ⊗ x) =1,
η′(yα ⊗ yα) = η
′(zα ⊗ zα) =0,
η′(yα ⊗ zα) = η
′(zα ⊗ yα) =1.
The comultiplication ∆′ : L′ → L′ ⊗ L′ and the counit ε′ : L′0 → F2 are given as follows:
• ∆′0,0 : L
′
0 → L
′
0 ⊗ L
′
0 is
∆′0,0(1) =1⊗ x+ x⊗ 1,
∆′0,0(x) =x⊗ x,
• ∆′α,α : L
′
0 → L
′
α ⊗ L
′
α is
∆′α,α(1) =yα ⊗ zα + zα ⊗ yα,
∆′α,α(x) =0,
• ∆′0,α : L
′
α → L
′
0 ⊗ L
′
α is
∆′0,α(yα) =x⊗ yα,
∆′0,α(zα) =x⊗ zα,
• ∆′α,0 : L
′
α → L
′
α ⊗ L
′
0 is P ◦∆
′
0,α, where P is the permutation,
• ∆′α,β : L
′
α+β → L
′
α ⊗ L
′
β is
∆′α,β(yα+β) = ∆
′
α,β(zα+β) =0,
• ε′ : L′0 → F2 is
ε′(1) =0,
ε′(x) =1.
Moreover, this homology has “q-grading” as follows: For an integer t, we define
deg(1) = 1, deg(x) = −1, deg(yα) = − deg(zα) = t,
H
i,j
(A′,τ ′)(F,D) : = {v ∈ H
i
(A′,τ ′)(F,D) | deg(v) + i+ c+(D)− c−(D) = j} ∪ {0},
Hi(A′,τ ′)(F,D) =
∞⊕
j=−∞
H
i,j
(A′,τ ′)(F,D),
where c+(D) and c−(D) are the numbers of the positive and negative crossings of D,
respectively. This homology is an extension of the Khovanov homology with coefficient F2
to strong equivalence classes.
Remark 6.4. Let (L′′ =
⊕
α∈π L
′′
α, η
′′, ϕ′′,Φ′′, {θ′′α}α∈π) be as below. Then L
′′ is an
extended crossed pi-algebra and the corresponding HQFT (A′′, τ ′′) preserves the S, T and
4-Tu relations. From Theorem 1.1, we obtain a link homology H∗(A′′,τ ′′). This homology
is an extension of Lee homology with coefficient F2 to strong equivalence classes.
• pi is an F2-vector space,
• L′′0 is the F2-vector space generated by 1 and x, and L
′′
α is the F2-vector space
generated by yα and zα for 0 6= α ∈ pi,
• ϕ′′α := id: L
′′ → L′′ for any α ∈ pi,
• Φ′′ := id : L′′ → L′′,
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• θ′′α := 0 for any α ∈ pi,
• for distinct elements α, β ∈ pi \ {0}, the multiplication m′′ : L′′⊗L′′ → L′′ is given
as follows:
m′′(v ⊗ 1) = m′′(1⊗ v) =v,
m′′(x⊗ x) =1,
m′′(yα ⊗ x) = m
′′(x⊗ yα) =yα,
m′′(zα ⊗ x) = m
′′(x⊗ zα) =zα,
m′′(yα ⊗ zα) = m
′′(zα ⊗ yα) =x+ 1,
m′′(yα ⊗ yα) = m
′′(zα ⊗ zα) =0,
m′′(yα ⊗ zβ) = m
′′(zα ⊗ yβ) =0,
m′′(yα ⊗ yβ) = m
′′(zα ⊗ zβ) =0,
• the inner product η′′ : L′′α ⊗ L
′′
α → F2 is given as follows:
η′′(1 ⊗ 1) =0,
η′′(x⊗ 1) = η′′(1 ⊗ x) =1,
η′′(x⊗ x) =0,
η′′(yα ⊗ yα) = η
′′(zα ⊗ zα) =0,
η′′(yα ⊗ zα) = η
′′(zα ⊗ yα) =1.
The comultiplication ∆′′ : L′′ → L′′⊗L′′ and the counit ε′′ : L′′0 → F2 are given as follows:
• ∆′′0,0 : L
′′
0 → L
′′
0 ⊗ L
′′
0 is
∆′′0,0(1) =1⊗ x+ x⊗ 1,
∆′′0,0(x) =x⊗ x+ 1⊗ 1,
• ∆′′α,α : L
′′
0 → L
′′
α ⊗ L
′′
α is
∆′′α,α(1) =yα ⊗ zα + zα ⊗ yα,
∆′′α,α(x) =yα ⊗ zα + zα ⊗ yα,
• ∆′′0,α : L
′′
α → L
′′
0 ⊗ L
′′
α is
∆′′0,α(yα) =x⊗ yα,
∆′′0,α(zα) =x⊗ zα,
• ∆′′α,0 : L
′′
α → L
′′
α ⊗ L
′′
0 is P ◦∆
′′
0,α, where P is the permutation,
• ∆′′α,β : L
′′
α+β → L
′′
α ⊗ L
′′
β is
∆′′α,β(yα+β) = ∆
′′
α,β(zα+β) =0,
• ε′′ : L′′0 → F2 is
ε′′(1) =0,
ε′′(x) =1.
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